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We use techniques of algebra (associative and nonassociative) to both 
describe and construct large classes of p-groups in such a way that the 
lattice of abelian subgroups is clearly visible. Our constructions give groups 
which are the product of two elementary abelian subgroups El , E, of rank K. 
We give numerous examples (for rank K > 6), where El and E, are the only 
abelian subgroups of maximal order. 
The fact that there can be only two elementary abelian subgroups of 
rank K (26) is in marked contrast to the results of [6], where it is shown 
that if a p-group, p odd, contains an elementary abelian subgroup of rank K, 
1 < K < 5, then the number of elementary abelian subgroups of rank K 
is congruent to 1 modp. However in a large number of cases of groups 
which are the product of two normal elementary abelian subgroups E, , E, , 
there are only two possibilities: either El and E, are the only elementary 
abelian subgroups of rank K or else there are 1 + pa, where d > 1, such 
subgroups. 
1. STRUCTURE OF CLASS 2 GROUPS OF EXPONENT p 
When G is a class 2 group then both G/Z(G) and Z(G) are abelian groups 
and the commutator mapping 
[ 1: G/Z(G) x G/Z(G) + G’ C Z(G) 
(“2, YZ) ++ P7 Yl 
is a well-defined alternating bilinear mapping with trivial radical. On the 
other hand bilinear mappings may be used to define groups. 
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A. Construction of Class 2 Groups 
Let V, W be abelian groups of odd order written multiplicatively. In 
multiplicative notation a bilinear mapping c: V x V -+ W is one satisfying 
the identities: 
We may use such a bilinear mapping c to construct a group G, as follows: 
as sets G, = V x W with multiplication 
6% 9 WI) . (v2 , w2) = (w2 9 43 9 v2)1’2 WP2>* (1) 
This multiplication is associative as the factor set identity for central exten- 
sions [5, p. 871 
c(v1v2 9 3) C(Vl , v2> = +1 , V2%) c(v2 9 4 
follows from the bilinearity of c. (In this construction c1i2, not c, is the 
factor set.) 
The commutator of the elements (vl , wi), (v2 , w2) of G, satisfies 
(L4’ul 3 v2) +2 9 W) = [(Vl > 4, (v2 9 w2)l”. 
Thus when c is an alternating bilinear mapping the following statements 
are true: 
(9 (1, +I 9 v2>> = [(VI y 4, (v2 y w2I1, 
(ii) G,’ = ((1, w) 1 w E Im c>, (2) 
(iii) Z(G,J = {(I, w) 1 w E W} if and only if the radical of c is trivial. 
Thus to summarize: when c is an alternating bilinear mapping with 
trivial radical, when V has odd order, and when G = G, , the obvious 
projections induce isomorphisms 
G/Z(G) -+ V and G’+Imc 
such that the diagram 
G/Z(G) x G/Z(G) [ I l G’ 
(3) 
is commutative. 
vxv c l Imc, 
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This construction is functorial if by a morphism between alternating 
bilinear mappings c, c* we mean a pair of homomorphisms +: V -+ V*, 
y: W + W* such that the diagram 
VXVAW 
6x6 
1 1 
Y  (4) 
v* x v* c* * w* 
is commutative; the corresponding group homomorphism G, + G,, is 
given by (z), w) + (+(zI), y(w)) (cf. (1)). Functorial just means that the 
identity morphism c + c induces the identity G, ---f G, and that the com- 
position of morphisms goes to the composition of the corresponding homo- 
morphisms. Later we will use the observation that the mapping G, + G,, 
is onto when both q5 and y  are onto. 
Remark. Given any class 2 p-group G, p-odd, the above construction 
using the commutator mapping c (as an alternating bilinear form) gives 
a class 2 group G, which is isoclinic to G. 
We now show that when G is a class 2 p-group of exponent p, p odd, 
the commutator mapping 
c = [ 1: G/Z(G) x G/Z(G) --t G’ C Z(G) 
completely determines the group G, in the sense that G is isomorphic to 
(rather than just isoclinic to) G, . 
THEOREM 1. Let G be a class 2 p-group of exponent p with p odd. Then 
the square root (J of the commutator 
a: G/Z(G) x G/Z(G) + G’ C Z(G) 
(x-c Y-q I-+ Lx, YPZ 
is a factor set for G as a central extension of Z(G) by G/Z(G). 
Proof. A group G is a central extension: 
l+Z(G)-+G+G/Z(G)+l. 
Let r: G/Z(G) + G be a transversal satisfying r(l) = 1, then 
+4 +4 = r(wJ f  h , v2), 
(5) 
where f  is a factor set; furthermore, as G/Z(G) is abelian 
f  h ,vz> f  h , W’ = WA r(41, all q , oa E G/Z(G). (6) 
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When u is the square root of the commutator, i.e., U(T+ , Q) = [r(v,), r(~s)]r/~, 
then also 
+1 , v2) +2 , w = [y(q), @2)1* 
Hence the factor set h = fu-l, i.e., h(v, , v2) = f (ur , u2) u(zll , z~~)-r, satisfies 
w4 9 u2) e2 , s>-l = 1 
so that the resulting extension 
l-+Z(G)+H+G/Z(G)+1, (7) 
using the factor set h, is abelian. 
We now want to show that when G has exponent p then so does H, which 
will say that the extension (7) splits. This will imply that the extension 
1&4(G)++G/Z(G)+ 1 
using the factor set u = c 1/Z is equivalent to the extension (5) which in 
turn says C is isomorphic to G as claimed. This group C is our group G, 
(cf. (1)). 
To show that H has exponent p whenever G does we first note that for 
any positive integer k, 
Y(W)" = Y(W”) f (ZI, G--l) *.* f (?I, v). 
So when ZP = 1, r(l) = 1, and when G has exponent p, then 
f (v, .q **. f (?I, w) = r(v)” = 1. 
But as u is alternating bilinear, U(D, vi) = 1 so that h = fu-l satisfies 
h(w, .*-1) ... h(w, w) = 1 all z, E G/Z(G), 
which implies that H has exponent p as needed to complete the proof. 
2. PRODUCTS OF Two NORMAL ELEMENTARY ABELIAN SUBGROUPS 
Let G be the product of two normal abelian subgroups A and B. Then 
G is of class at most 2 and 
G’ = [A, B] G A n B < Z(G). 
If, in addition, both A and B contain the center, then the central quotient 
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G/Z(G) is isomorphic to the direct product of the two abelian groups 
2 = A/Z(G) and B = B/Z(G). Furthermore, the commutator mapping 
[ 1: G/Z(G) x G/Z(G) -+ G’ < Z(G) 
is completely determined by: 
(1) the bilinear mapping) 3 x B --+ G’ < Z(G) 
(4 b-q + [a, 4 
and 
(2) the fact that A and B are abelian 
in the sense that the information (1) and (2) allows one to recover commu- 
tation, since 
[ab, a’b’] = [a, b’][u’, b]-1. 
A. Construction of Groups Which Are the Product of Two Normal 
Abelian Subgroups 
Let A, B, W be abelian groups of odd order written multiplicatively. 
Given a bilinear mapping 
f:AxB+W 
let V be the direct product of the abelian groups A, I? and define 
c:VxV+Wby 
This mapping c is alternating bilinear; furthermore c has trivial radical 
if and only if f is nondegenerate, i.e., 
f (a, 4 = 1 all a E A implies that b = 1 
and 
f (a, b) = 1 all b E B implies that u = 1. 
Remark 2.1. Thus to each bilinear mapping f: 2 x B + W there is 
assigned a group G(f) (i.e., the group G, of Section 1, where the alternating 
mapping c is given by (8)). This construction is again functorial if by a 
morphism between bilinear mappings f, f * we mean a triple of homo- 
morphisms CC 2 -+ A*, /I: B --f B*, y: W --+ W* such that the diagram 
ABELIAN SUBGROUP OF $-GROUPS 391 
is commutative, for then the corresponding diagram (4) is clearly com- 
mutative when we set + = 01 x /3. 
This group G = G(f) is the product of the two normal abelian subgroups 
A, B where A is the direct product of 2 with Wand B of B with W. When 
the bilinear mapping is nondegenerate, then Z(G) = A r\ B and the projec- 
tions A -+ 2, B + B induce isomorphisms A/Z(G) --f A, 3/Z(G) + B so 
that the diagram 
A/Z(G) x B/Z(G) ’ I > G’ 
1 1 (10) 
is commutative. 
Commutation in this group G = G(f) is given by 
[(a; ,bl > WI), (a2 ,b 9 %)I = f(q , 4) ..f(% , Q”. 
We now apply the results of Theorem 1 to get the following. 
(11) 
THEOREM 2. When G is a p-group of odd order which is the product of 
two normal elementary abelian groups A, B each containing the center of G, 
then the group G(f) (cf. Remark 2.1) constructed from the commutator induced 
map 
f: A/Z(G) x B/Z(G) --f G’ < Z(G) 
is isomorphic to G itself. 
3. TENSOR GROUPS AND THEIR ABELIAN SUBGROUPS 
Let G be the product of two normal elementary abelian subgroups A 
and B of odd order satisfying A n B = Z(G). Let 2 = A/Z(G), B = 
B/Z(G) and let f :  A x B + G’ be the bilinear mapping induced by com- 
mutation. Then the unique linear mapping J: A @ B -+ G’ making the 
diagram 
- - 
AxBLA@B 
id 
1 1 
li (12) 
AXB f + G’ < Z(G) 
commutative, induces a homomorphism from G(B) to G (cf. (9) and 
Theorem 2). In particular, G is the direct product of the elementary abelian 
group Z(G)/G’ with a homomorphic image of the tensor group G(g). 
The following theorem gives information about the abelian subgroups of 
the tensor groups G(B). 
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THEOREM 3. Let A, B be vector spaces over the field with p elements, 
p an odd prime, and let G = G(@) be the group constructed from the bilinear 
mapping 0: A x B --f A 0 B. The tensor group G is the product of the 
two elementary abelian subgroups AZ(G) and BZ(G). Furthermore if Y is 
an abelian subgroup of G with j Y.Z(G)/.Z(G)I 3 pz, then Y is contained in 
either AZ(G) or BZ(G). 
Proof. Writing the vector spaces A, B and W = A @ B additively, it 
follows that the commutator of two elements of G = G(B) is given by 
[(a, b, w), (a’, b’, w’)] = a @ b’ - a’ @b 
(cf. (11)). But as we are dealing with tensor products over a field, 
a @ b’ - a’ @ b = 0 if and only if a = a’ = 0 or b = b’ = 0 or a’ = 
b’ = 0 or else a = ka’, b = kb’ for some element k of the field. Recalling 
the definition of the tensor group this completes the proof. 
COROLLARY 1. Let A and B be vector spaces of dimension k, k > 2, over 
the field with p elements, p an odd prime. Then the tensor group G(@) has 
order p2k+k” and has precisely two elementary abelian subgroups of maximal 
order p”+““. 
Remark 3.1. When k = 2, then k + k2 = 6. The corresponding tensor 
group of order ps with precisely two elementary abelian subgroups of order p6 
showed up in [6, Theorem 6.11. 
Remark 3.2. Given a family A, ,..., A, of vector spaces over the field 
with p elements, p an odd prime, one can construct a tensor group which 
is the product of m elementary abelian subgroups A,Z(G), 1 < i ,( m; 
furthermore, any abelian subgroup of order at least p2 over the center of G 
is contained in one of the k subgroups A,Z(G). This tensor group G is 
constructed from the obvious bilinear mapping V x V -+ W, where 
V=&AL and W=@Ai@Ai 
i-l id 
[cf. Alperin’s construction, 5, p. 3491. 
4. GROUPS CONSTRUCTED FROM ALGEBRAS 
Let A be an algebra of finite dimension k over the field with p elements, 
p an odd prime; then the multiplication in A defines a bilinear map 
0: A x A -+ A. 
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Using the construction of Section 2, we obtain the group G(o) of order p3” 
which is the product of two normal elementary abelian subgroups of order p2”. 
Remark 4.1. On the other hand if G = E,E2 is the product of two 
normal elementary abelian subgroups E, , E2 of odd order with Z(G) = 
El n E2 and such that Z(G) = El n E, , i?i = El/Z(G) and & = E,/Z(G) 
are all elementary abelian of rank k, then by choosing isomorphisms 01~: 
El + A, PI: E2 + A, yl: Z(G) 3 A there is a bilinear map (multiplication) 
from A x A to A such that the diagram 
i?l x E, a- Z(G) 
5 
1 1 
4 
1 
71 (13) 
AxAaA 
is commutative. Moreover, G is isomorphic to G(o), (cf. Theorem 2). 
Note 4.1. If  no noncentral element of El commutes with a noncentral 
element of E, , then the resulting algebra A is a presemifield; i.e., a finite 
algebra with no divisors of zero (for detailed constructions of such semifield 
groups see Section 6). 
In the diagram (13) we see that different choices of the isomorphisms 
give rise to different, but isotopic, algebras. Where algebras (A, 0) and 
(B, *) are called isotopic if there exist isomorphisms CX, /3, y: A - B so that 
the diagram 
AxA ’ tA 
a 
1 1 
R 
1 
Y 
(14) 
BxBd-+B 
is commutative. Furthermore, the groups G(o), G(*) corresponding to 
isotopic algebras are isomorphic (cf. (9)). 
Note 4.2. When the multiplication 0 on A is an alternating bilinear 
mapping from A x A -+ A (in particular, if A is a Lie algebra this is true) 
then we may also use the technique of Section 1 to construct the group G, 
of order p2” from (A, 0). 
Examples using the cross product algebra. Let A be a 3 dimensional 
vector space over the field with p-elements, p an odd prime. Let A have 
basis i, j, k and let x : A x A -+ A be the cross product, i.e., the alternating 
bilinear mapping with i x j = k, j x k = i, k x i = j. 
(1) Since (A, x ) is an algebra, the group G( x ) may be constructed. 
This group G( x ) is of exponent p with order pg and center equal to the 
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commutator group of order p3; calculations show that it has precisely two 
abelian subgroups of maximal order ( p6). (See also example 3.) 
(2) Since (A, X) is also a Lie algebra we may construct the group 
C = G, directly from the alternating mapping X, (cf. Section 1). It is an 
exponent p group of order p6 with center equal to the commutator subgroup 
of order p3; the maximal abelian subgroups all have order p4. 
For the purposes of the next example we recall that both the center and 
the central quotient of the cross product group C = G, are isomorphic 
to A and with these isomorphisms the following diagram 
C/Z(C) x C/Z(G) [ I l Z(G) 
1 1 (15) 
AxA x *A 
is commutative. 
(3) Let (A*, X) be an isomorphic copy of the cross product algebra 
(A, X) (with th e isomorphism given by a t+ a*) and let C, C* be the 
corresponding groups of order p6 (see (2) above). 
We now investigate the abelian subgroups of maximal possible order of 
the central product G = C Y C* of C and C* with center amalgamated. 
Clearly, if E is such a subgroup then E has order either p6 or ps. If  E has 
order p6, then E n C = E n C* is the center of G. It can be shown that 
under the isomorphism 
G/Z(G) = C/Z(C) - C*/Z(C*) --=+A x A*, 
the group E = E/Z(G) goes to (is*,jt*, Ku*), where i, j, K are the given 
bases of A. Because G is the central product of C and C* and because of 
(15) the elements ab* and cd* of A x A* correspond to cosets of commuting 
elements of G = C Y C* if and only if a x c = d x b. 
Since E is abelian, and by the definition of x we have 
k=ixj=txs, 
i=jxk=uxt, (16) 
I=kxi=sxu. 
Using the dot product we see that s = on’, t = ,5j, u = yk for suitable 
elements 01, /3, y  of the Galois field GF(p), (as for example: T * s = 
(t x s) . s = 0 and s *j = s * (s x ZA) = 0). Substituting these values in the 
Eqs. (16), we see that 
p&t =py = ay = -1. 
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Thus or, /I, y must satisfy (Y = /3 = y, where y2 = - 1. Hence if - 1 
is a quadratic residue modp, then C Y C* has precisely two (normal) 
elementary abelian subgroups E1 , E2 corresponding to the two square roots 
of - 1. Since G = EIE2 and E1 n E, = Z(G), this group arises from a 
three dimensional algebra (cf. Remark 4.1); this algebra is isotopic to the 
cross product algebra (A, X) of Note 4.2. Thus when p = 1 mod 4, the 
group C Y C* is isomorphic to the group G( x); while if p = 3 mod 4, 
the groups C Y C* and G( x ) are nonisomorphic as C Y C* has no abelian 
subgroups of order p6 and G( x ) has precisely two. 
5. PROJECTION THEOREM 
In this section we show that the number of elementary abelian subgroups 
of maximal order of certain groups is one plus the order of a suitable vector 
space. 
THEOREM 4. Let G = AB, where A and B are isomorphic elementary 
abelian normal subgroups of G with A n B = Z(G) and 1 A/Z(G)/ = pi = 
/ B/Z(G)/, p odd. If 01 and ,B are integers satisfying OL + /3 < i and if 
[ C,(a)/Z(G)I <pa and if 1 C,(b)/Z(G)J < pe for all a E A - Z(G) and all 
b E B - Z(G), then abelian subgroups of G of maximal order have the same 
order as A. Furthermore, the number of such subgroups is 1 + pd for some 
integer d > 0. 
Proof. Let E # B be an abelian subgroup of G of maximal order. We 
then have the following exact sequences 
1 + B/Z(G) -+ G/Z(G) = AB/Z(G) + A/Z(G) --f 1, 
1 ---f B n E/Z(G) -+ E/Z(G) -+ A,/Z(G) + 1, (17) 
where A, = {a E A I ab E E for some b E B} (the “projection” of E into A). 
We will show that Z(G) = B n E and that AE = A. Suppose B n E > 
Z(G). We begin by noting that if a E A, then there is an element b E B so that 
abEE. Thus l=[ab,BnE]=[a,BnE];i.e., [A,,BnE]=l.Now 
combining this with our hypothesis on this size of the centralizers we have 
P” 3 I GWZ(G)I 3 I B n EIZ(G)I 
and also 
for a E A, - Z(G) 
ps 3 I %(a)/Z(G)l 3 I AdZ( for b E B n E - Z(G). 
481/34/3-3 
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However from the exact sequence (17) and from the assumption that pi > 
1 E/Z(G)1 we have 
pi < I W’(G)l = I &/Z(G)1 I B n E/Z(G)1 < P+~ <pi, 
a contradiction. Thus B n E = Z(G). This implies that AE = A and 
1 E / = / A j, for B n E = Z(G) implies that E/Z(G) is isomorphic to 
A,/Z(G) a subgroup of A/Z(G) (cf. (17)) and by E being abelian of maximal 
order / E/Z(G)1 3 1 A/Z(G)]. 
We will now show that there is a one-to-one correspondence between 
the abelian subgroups of maximal order in G (other than B) and a vector 
space V of homomorphisms from A/Z(G) to B/Z(G). This will show that 
the number of abelian subgroups of G of maximal order is 1 + pa, where 
d is the dimension of this vector space. 
Let % be the collection of all abelian subgroups of G of maximal order. 
For each subgroup E E G, E # B, the projection E/Z(G) -+ G/Z(G) ---f 
A/Z(G) is an isomorphism (as A, = A). Thus to each such E there corre- 
sponds a unique homomorphism TE: 2 -+ B (where 2 = A/Z(G), 
B = B/Z(G) and E = E/Z(G)) such that the following diagram 
is commutative. 
On the other hand for each homomorphism T: A -+ B we may define 
the subgroup FT = {ab 1 6 = T(S), a E A, b E B). This subgroup is abelian 
if and only if 
PI , WJI = k% 9 WJ for all a, , aa E A. (18) 
The set of all homomorphisms T: 2 -+ B satisfying (18) form a vector 
space where 
(Tl+ Td(4 = T@) T,(a), 
ciT(a) = T(a)=. 
Now V is in one-to-one correspondence with 6 - (B}, and (when abelian) 
FT corresponds to the homomorphism T. This completes the proof. 
Remark 5.1. The linear transformations TE corresponding to abelian 
subgroups E # B of maximal possible order form a vector space V. With 
the exception of its zero element 0 = TA , all of the elements of V are 
nonsingular linear transformations. 
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6. GROUPS CONSTRUCTED FROM SEMIFIELDS 
In this section we construct groups of order p3” with exactly two elementary 
abelian subgroups of maximal order p 2k. We use the (pre-) semifields which 
appear in Projective Geometry [3]. 
A pre-semifield is a finite algebra with no divisors of zero; a semifield 
is a pre-semifield with identity. It will be helpful to note that each pre- 
semifield is isotopic to a semifield [3, p. 2371. 
Semifields which are not isotopic to commutative ones give groups with 
exactly two abelian subgroups of maximal order. We show that a family of 
semifields due to Albert [l and 3, p. 2431 are not isotopic to commutative 
ones. However all semifields of order 33 are isotopic to commutative ones. 
THEOREM 5. Let (A, 0) be a presemifeld with pk elements, p odd. The 
corresponding group G(o) (cf. Section 4 and (19)) of order p3” is the product 
of two normal elementary subgroups of rank 2k. 
(1) These are the only two abelian subgroups of order pz7< whenever 
the pre-sema$eld (A, 0) is not isotopic to a commutative one. 
(2) There are 1 + pd, where d / k, elementary abelian subgroups of 
rank 2k whenever the pre-semifield (A, 0) is isotopic to a commutative one. 
The maximal number, 1 + pk, is reached only when the presemijield (A, 0) 
is isotopic to the Galois field GF(p”). 
Proof. We may assume that (A, 0) is a semifield because isotopic pre- 
semifields lead to isomorphic groups and because each (commutative) 
presemifield is isotopic to a (commutative) one with identity, i.e., to a 
(commutative) semifield (cf. Note 4.1). 
Recall that when (A, 0) is a semifield with p7; elements, p odd, the elements 
of the corresponding group G = G(o) are triples (a, b, c) with a, b, c E A; 
the group operation is given by 
(a, b, c) - (a’, b’, c’) = (a + a’, b + b’, Kye -i- c + c’). (19) 
This group has two obvious abelian subgroups of order pzk namely: 
El = ((a, 0, c) 1 a, c E A) and E, = ((0, b, c) 1 b, c E A}. 
Furthermore E1 , E, are normal in G(o) and G(o) = EIEz . 
Since no noncentral element of E1 commutes with a noncentral element 
of E, (cf. (19)) and since G(o) = EIEz , the conditions of the Projection 
Theorem (4) are satisfied. So if E is an abelian subgroup of order p2’ with 
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E # E, then E contains an element of the form (e, v, 0), where e is the 
identity of the semifield (A, 0). 
The centralizer of any element (e, v, 0) in G = G(o) has order pzk and 
is given by 
cc+, v, 0) = {(a, a o v, c) I a, c E A), 
for (e, v, 0) commutes with (a, b, c) if and only if e 0 b = a 0 v (cf. (19)). 
Such a centralizer C,(e, v, 0) is abelian if and only if 
u,o(u,ov)=u,o(u,ov) allu,,u,EA. (20) 
Thus we have a one-to-one correspondence between abelian subgroups 
E # E, of order pak and elements v of A satisfying (20). Furthermore, 
the set of all such v’s form a vector space V. Thus the number abelian 
subgroups of G(o) of order p2” is 1 + pa, where d is the dimension of the 
vector space V. 
Moreover if v # 0 satisfies (20) then a new multiplication * may be 
defined by 
a, * u2 = a, 0 (a2 0 v) all a, , us E A. 
The presemifield (A, *) is commutative and is isotopic to (A, 0). 
When (A, 0) is a commutative semifield, the condition (20) becomes 
a, 0 (v 0 UJ = (a, 0 v) 0 u2 allu,,u,~A. (21) 
The set V of all v E A satisfying this condition (21) is then an associative 
semifield, i.e., a Galois field. Furthermore A is a vector space over this 
field V. Whence the assertion that d = dim V divides k = dim A and that 
d = k if and only if (A, 0) is isotopic to a Galois field. This completes the 
proof. 
The above theorem suggests the following result for semifields; we will 
use this result later. 
THEOREM 6. A semifield (A, 0) is isotopic to a commutative presemijield 
if and only if there is a nonzero v  E A such that 
a, 0 (a, 0 v) = u2 0 (a, 0 v) ullu,,u,~A. 
Proof. We recall two facts from Theorem 5: first, there is a nonzero 
solution v to condition (20) if and only if there is an elementary abelian 
subgroup of rank 2k of the group G(o) other than the two obvious ones 
El and E, ; second, when such a non-zero v exists, (A, 0) is isotopic to a 
commutative one. 
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Conversely if (A, 0) is isotopic to a commutative presemifield, say (B, *), 
then as G(*) has third elementary abelian subgroup of rank 2k, namely 
{(b, b, c) j b, c E B}, so does the isomorphic group G(o). Whence a nonzero 
solution V to (20). 
Remark 6.1. For technical reasons we have restricted ourselves, in this 
paper, to groups of odd order (among other reasons so that we may use 
the + in (1)). Hence we give a second proof of Theorem 6; one motivated 
by the existence of the abelian diagonal subgroup {(b, b, c) 1 b, c E B). 
Secondproof of Theorem 6. (Converse) Let 01,8, y: B ---f A give an isotopy 
between a commutative pre-semifield (B, *) and the given semifield (A, 0); 
thus 01, /3, y are group isomorphisms and 
b,= 0 b$ = (b, * b,)r all b, , b, E B. (22) 
Let e be the identity of (A, 0) and set v = p-4 E A. It suffices to show 
that 
be 0 v = bB for all b E B 
for then it is easy to see that 
bp 0 (b,a 0 v) = b‘/ 0 (b,a 0 v) allb,,b,EB; 
the latter says that v, which is non-zero, is a solution to (20) as claimed. 
Now 
b= o v = ba o e”-‘B = (b * ,a-*>, = @a-’ z+z b)v 
by the definition of v, the isotopy (22) and the commutativity of *. Using 
(22) again and e being the identity of (A, 0) gives 
ba o v = em-‘” o 6” = e o be = b6 
as needed to complete the proof. 
We now construct a large class of groups of order p3k with exactly two 
elementary abelian subgroups of order pZk for k > 3 and p 3 3 with the 
one exception: p = k = 3. To do this we produce presemifields of order pk 
which are not isotopic to commutative ones and (the exceptional case) 
show that all presemifields of order 33 are isotopic to commutative ones 
(cf. Theorem 5). 
We begin by using Albert’s technique [3, p. 2431 of starting with the 
Galois field A = GF(pk), with multiplication denoted by juxtaposition, 
and defining presemifields A, = (A, 0) by 
X”Y = xy- cx+y, all x,y~A, c$A+l (23) 
(without this restriction on c, one either gets GF(p’“) or divisors of zero). 
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THEOREM 7. The presemijelds A, of order pk are not isotopic to com- 
mutative ones except when k = 3 and (-c) is a (p - 1)st power in GF(pk), 
in which case A, is isotopic to a commutative one. 
Proof. I f  the presemifield A, = (A, 0) is isotopic to a commutative 
one, then it follows that there are nonsingular mappings CL, f3: A + A such 
that aa 0 bB = bar o ae for all a, b E A. By setting (I = ~r-lp, so that 01u = /3 
and using that a? is onto, we have 
xoyc =yoxo for all X, y  E A = GF(pk). (24) 
This map u: GF(fk) -+ GF(pk) is a nonsingular linear transformation where 
we consider GF(p”) as a vector space over GF(p). There are several such 
linear transformations GF( p”) -+ GF( p”), namely the field automorphisms. 
As these automorphisms z ++ zP*, i = 0, l,... , k - 1 are linearly independent 
over GF(pk) (cf. [l, Theorem 12]), there are@ distinct linear transformations 
of the form 
k 
z tt c SiXPi, si E A = GF(p”). 
i=O 
(25) 
Hence every linear transformation A + A can be written uniquely in this 
form. Similarly, it follows that every bilinear f:  A x A --+ A (bilinear 
over GF(p)) can be written uniquely as 
f(x, y) = C aijxD’y9’ 
i.j 
for fixed aij E A = GF(p”). (26) 
Writing 0 as in (25) we have 
while 
k-l 
x " y" = 1 x 0 (SiYPi) = c (spyPi - csipxp2yp 
i+1 
) 
z i=O 
k-l 
y o *u = cy 0 (SiXPi) = c (SiYXPi - CSi~yp2Xpif1). 
z i=O 
By equating coefficients (using the uniqueness of the bilinear forms (26)), 
we get all of the si = 0 except when k = 3 and -c = siPp E A”-I. Hence 
as u is nonsingular, the presemifield A, is isotopic to a commutative one 
only when k = 3 and (-c) E A’-l. 
To complete the proof we first note that for any nonzero a E A, the pre- 
semifield A, is isotopic to A,, , where c’ = cap-l as 
x 0 (ay) = axy - capxp’yP = a(xy - ca1)--Ixp8y) 
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and then note that for k = 3 and c = -1, 
x 0 (y”) = xy” + xpy. 
We now show how to use Dickson’s 1906 list [4] of semifields of order 33 
to show that all presemifields of order 33 are isotopic to commutative ones. 
For computational purposes we introduce the following proposition. 
PROPOSITION 1. Let (A, 0) be a three dimensional sem$eld with identity e 
and basis e, i, j. For each a E A, let the linear transformation L,: A + A be 
left multiplication by a; i.e., vL, = a 0 v  for all v  E A. 
Then the semi$eld is isotopic to a commutative semi$eld z. and only if the 
linear transformation 
LiLj - LiL, (27) 
is singular. 
Proof. By Theorem 6, the semifield (A, 0) is isotopic to a commutative 
one if and only if there is a nonzero solution v  to the difference equation 
fv = 0, where 
f&~~ 4 = alo(a20v) - a2 ~(a,ov), al,a2s4 
(cf. (20)). We note that f,, is alternating bilinear and vanishes whenever 
a, or a2 is the identity e. Thus if for some v, f,(i, j) = 0 where e, i, j is a 
basis of A, then fv(a, , a2) = 0 for all a, , a2 E A. Furthermore 
fv(i, j) = (v)(LiL, - L,L,). 
This completes the proof. 
THEOREM 8. Each presemifield of order 33 is isotopic to a commutative one. 
Proof. We reproduce Dickson’s [4, p. 3781 list of representatives of the 
four isomorphism classes of non-commutative semifields (A, 0). He gets 
bases 1, i, j, where 1 is the identity; the four semifields are 
ioi =j, ioj = 1 +i, joi=+l-Jj, joj c *i-j; 
ioi=j, ioj= 1 +i, joi=+l&j, joj= +I &i+j. 
For each of these semifields the matrix of LiLj - LjL, is singular which 
means that each of these semifields is isotopic to a commutative one. 
Note 6.1. There is a group of order 3s with exactly two elementary 
abelian subgroups of maximal order p6 (cf. Note 4.2), even though no such 
group can be constructed from a semifield. 
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